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Abstract 

The COMSOL Multi Physics CFD package is chosen here to develop the 

numerical model called as Galerkin least square finite element method and 

compute the steady state solution of the governing equations such as 

continuity and momentum equations in Cartesian coordinates form. The 

Newtonian fluid transported into the backward step duct with different aspect 

ratios (1: 6 and 1: 12) and change in characteristics length to observe the 

streamline patterns of the velocity, vortex enhancement on the basis of fluid 

inertia and vortex intensity. The research problem has vast application in the 

field of industries particularly to design the shapes of the rectangular tanks 

and observe the flow phenomena either compressible (gases) or 

incompressible (liquids). The streamline patterns are observed on different 

Reynolds number (01 to 600) and various ratios (1:6 and 1:12) of the 

backward step duct. Two vortices primary (lower left corner) and secondary 

(upper right corner) are visualized at various Reynolds numbers. At low 

Reynolds number (01), only primary vortex observed at the left lower corner 

of the backward step duct in both ratios. But due to growing Reynolds 

number, the primary vortex is increased largely in size but the secondary 

vortex increased also but very slowly in size. The primary vortex size is 

highly observed in the left lower silent corner of the backward step duct in 

the ratio 1:12 other than the ratio 1:6. Also, vortex intensity and vortex 

lengths plots justified the same enhancement due to growing the Reynolds 

number. Further, computed the empirical equations on the vortex intensity 

with various Reynolds numbers. The numerical results are compared with the 

available mathematical solutions by the use of CFD packages such as Flow 

3D, ANSYS and others. 
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INTRODUCTION 

The numerical simulation by the use of Computational fluid Dynamics (CFD) package of the fluid 

flow phenomena through backward step duct are preformed to observe the behavior of the fluids with 

change in the fluid inertia. The domain backward step duct relates to the various engineering and 

industries particularly focused on the designs of the water bottle industries, automotive large vehicles 

industries such as to design the silencer or muffler used in the heavy sports vehicles. Also, the domain 

transmits to the overhead airfoils, sections turbine blades and in large passenger automotive vehicles 

industries. The problem has vast applications in engineering such as tank filling and draining mixing, 

tank washing and store the chemical in a tank to transport into various routes of the water and other 

chemical flows (Camnasio, et al. [2013], Dufresne, et al. [2011], Siebert and Fodor [2009] and 

Pozrikidis [2009]). 

Camnasio, et al. [2013] was adopted the flow model as depth average through computational fluid 

dynamics (CFD) package WOLF 2D for the investigation of the turbulence flow and sedimentation 

patterns of the velocity through the rectangular shallow type reservoir. The inlet and outlet were 

fixed at different locations of the domain to visualize the different flow patterns of the velocity and 

the k-  model for the turbulent study was implemented. Also, the experimental method as laser 

light method was applied to compute the thickness of the sediments and observe the clean water 

flows. The velocity profile, various flow patterns of the velocity due to change the location of inlet 

and outlet and presence and absence of the sediments were examined. The all prediction of the 

velocity flow patterns were obtained accurately with comparison the experimental method as laser 

light method and suggested to change the numerical technique large eddy simulation for better results 

of the flow patterns. 

Dufresne, et al. [2011] was investigated the symmetric and asymmetric fluid flow patterns through 

the two– dimension shallow reservoir expansion channel with influence of the aspect ratio (0.89, 1.25 

and 4.38) of expansion reservoir and change in dimension length. The finite volume process was 

selected for the numerical solution with addition of CFD package WOLF 2D of the shallow water 

governing equations and some experimental tests were observed see Dufresne, et al. (2010). The 

predicted results were compared with the limited results of experimental results and achieved the 

good accuracy. Therefore, extended the flow patterns of the velocity with change small ratio into 

large aspect ratios and dimension length by use of CFD package WOLF 2D because the reattachment 

length of the vortex did not appear in the downstream of the expansion reservoir. 

After the detail study of the research problems and found a different gap in numerical methodology 

and domain ratio and domain characteristics. The research problem is chosen here to adopt the 

computer simulation of Newtonian fluids through backward step duct with various large aspect ratios 

1: 6 and 1:12. The finite element method is selected with coupling a Galerkin least square approach 

to compute the streamline patterns of the velocity, reattachment length of the eddies and recirculation 

flow of the small and large eddies in terms of the small and large Reynolds numbers. The all-predicted 

results are based upon the most advanced CFD package COMSOL MultiPhysics.. 
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1.1 OBJECTIVES OF LITERATURE REVIEW 

Figure – 1.1: Turbine blades fixed in the aircrafts and CFD simulations of 

bicycle seat. 

That is focused on the study of the mathematical theory about the equations especially partial 

differential equations and the use in the field of the Computational Fluid Dynamics. This field is 

widely applicable by the addition of the mathematical and physical equations with the well-known 

predicted tools for the discretization process like Galerkin or Petrov–Galerkin finite element process. 

These discretization’s may be obtained with the study of the CFD packages because CFD packages 

are highly used in the literature. For the continuity justification, needs a literature about the closed 

bodies of the real-life problems such as vessels, arteries, channels, ducts and so many. 
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1.1.2 BACKGROUND OF THE LITERATURE 

Kantoush, et al. [2003] was tested and examined shallow water flows through the reservoir because of 

the most challenging research problem of low velocity and water depth flow field through 

experimental setup. Also, predicted the flow patterns through the finite element-based package 

CCHE2D and this package was also employed for the shallow water modeling through the open and 

closed bodies. The various studies were focused in this research like impact of the geometry like 

reservoir with and without sediment filling the deposition. For the experimentally. Heavy equipped 

machinery and heavy expensive instruments was fixed such as Large-Scale Particle Image 

Velocimetry (LSPIV) and Ultrasonic Doppler Velocity Profiler (UVP). Various studies were 

discussed as influences of the vertical velocity field, compared all experimental tests with the 

numerical tools through shallow sediments via two predicted model Large-Scale Particle Velocimetr 

(LSPIV) and (UVP). In the last, the model LSPIV competency was justified the velocity computations 

exposes clearly at low velocity of the shallow water but felt some difficulties in the numerical 

modelling through the package CCHE2D. 

Dufresne, et al. [2011] was investigated the experimental tests for the development of the shallow 

water flow patterns, sediment depositions and tested the deceiving productivity through the different 

shapes of the reservoir geometry with change in the ratio of the width. The reservoir related to the 

expansion channel with fixed inlet and outlet small channels in the center of the body. Different 

phenomenon of the eddy’s appearance observed such as symmetric flow features in the absence of the 

eddy, asymmetric flow features in the presence of the single and double eddies. The electromagnetic 

flow meter was fixed to compute the flow rate through the fixation of the metallic flume in the 

reservoir. The flow patterns and sediment depositions results was based upon the different non–

dimensional numbers of the physical phenomena like Reynolds number, Froude number, bed friction 

number and change in water depth of the reservoir. It was results that the asymmetric flow features 

observed in all sediment deposition tests and found that shape parameter in a reservoir was greater 

than 6.8 was better in the deposition of the sediments other than the 6.2 limit of the sediments 

deposition in the reservoir domain. 

Camnasio, et al. [2013] was studied the velocity flow patterns and sediment patterns via a rectangular 

shallow reservoir. Two techniques were used as experimental through laser light method and package 

WOLD 2D through finite volume 2nd order discretization includes with mean k- turbulent model. The 

predictions were computed for develop a velocity profile and different flow patterns on the bases of 

the sediment deposits. These problems related to the urban hydraulic structures and used for the 

analyzed the design of 

the reservoir and preserve the man – made materials for example storm tanks or basins. The 

conclusions were described the flow patterns was observed in the reservoir with reattachment of the 

eddies at the left silent corner and due to the filling, the sediments, the flow patterns and eddies 

diminished completely with filling the 30min supply of the sediments in the reservoir. The stable 

predicted results through the package were validated with the experimental results through different 

tests of the filling sediments in the reservoir. 

Tarpagkou and Pantokratoras [2013] was extended the asymmetric flow patterns through the 3D tank 

filled with the sediment and the tank relates to the duct type with inlet and outlet at the center. The 

limited experimental test was carried out but the full simulation of turbulent flow patterns like velocity 

vectors, streamline patterns, reattachment length of upper and lower eddies was adopted through the 
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CFD package Fluent. The Fluent was based upon the finite volume too with SIMPLE discretization 

process to compute pressure and velocity through couple Navier–Stokes equations. Most stabilized 

model of turbulent flow phenomena was adopted like renormalization group k- model that was better 

than the simple k- turbulent model. The single phase (water), two phase (water with solid particles) 

change were employed in the tank on the variety of the physical non –dimensional numbers such as 

influence of the Reynolds number and Froude Numbers. At last, the recirculation vortices occupied 

the whole area of the tank due to low volume of the particles of sediments but due to increase the 

particle size, the new small vortices appeared at the outlet of the tank. 

Tutunea, et al. [2013] was also simulated the ideal gas flows through the CFD development design of 

the silencer by the use of the heavy computational setup. The silencer modelling was highly adopted 

in the field of the aerodynamics and vehicle industries. The computational setup was fixed to design 

the schematic diagram, unstructured mesh setup and was presented the streamline of the velocity, 

pressure contours, Vorticity that based upon the density and Mach number. Through CFD modelling, 

examined the pressure falls, minimize and maximize the temperature and controlled the noise 

pollution. These mufflers were activated through the acoustic modelling for the energy creation and 

added the different materials like porous and fires. In the last, validated that CFD package was better 

agreement than analytical lengthy techniques and heavy expensive experimental setup in the vehicle 

industries. 

Choufi, et al. [2014] was developed the experimental modelling about the sedimentation in the 

reservoir that was complex problem in the field. The experimental image process through the large-

scale particle image tool was employed to compute the ultrasonic velocity profile. The rectangular 

channel was assumed for the reservoir modelling to examine the controlling and decreased sediment 

in the reservoir and also analyzed the surface roughness influences through shallow reservoir. In the 

start, asymmetric flow patterns were observed on the symmetric boundary conditions and then the 

conditions were stabilized then found the symmetric recirculation flow rate at limited turbulent flow 

conditions. Different flow contours were examined like velocity distributions, boundary layer at 

bottom of the reservoir with the influence of the different values of the Reynolds number and various 

values of the viscosity of the fluids. It was resulted the flow patterns found asymmetric after the 

boundary conditions are fully symmetric fixed at the ones of the two–dimensional rectangular basins. 

Saripalli and Sankaranarayana [2015] were designed the CFD based muffler in the shape of the 

rectangular tank. For CFD based muffler was developed through the CATIA package and then for the 

flow analyzed chosen the ANSYS Fluent package. The muffler fitted in the large vehicles and 

pollution had and has large problems in the environment and the design related to the automotive 

industries and through CFD packages, easily designed the shape of the muffler and examined the 

improvement the performance of mufflers fitted in the engines. Also, investigated the pressure 

variations, velocity, magnitudes and contours in the mufflers and analyzed the pressure drop to extend 

the muffler designs modifications. The same muffler fitted in the experimental laboratories and proved 

that the muffler setup in CFD was better analyzes for improvement the shapes and pressure drop 

predictions. Two models of muffler circular and rectangular were designed to compute the velocity 

field and pressure drop and it was concluded that the second design performance was better than the 

first due to exhaust pressure drop. 

Trivedi, et al. [2017] was studied the gases flows through the different type of silencer geometries and 

examined the pressure falls and controlled the temperature decreased in the exhaustive system. The 
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study based upon the numerical predictions through the CFD package ANSYS Fluent. The silencer 

geometry related to the rectangular tanks and reservoirs and it is main part of the exhaustive system 

and used for control the noise system and decreased the temperature and pressure variations. 

Various form of the geometries circular and rectangular type with different ratios were designed with 

suitable mesh designing through the mathematical conservative equations. The velocity contours, 

velocity magnitudes, pressure contours and temperature drops. Also, designed the experimental setup 

to validate the gas flows through the fixation a silencer in the automotive vehicles and found good 

agreement in between real gas flows through silencer experimentally and numerically. In the last, the 

curved outlet boundaries-based silencer geometry was recommended to minimize the pressure drop 

and increased the temperature drop after validation with experimental setup. 

Westhoff, et al. [2018] was also discussed on the investigation of the analytical solution of the fluid 

motion equations that described the flow patterns through the shallow reservoir geometry that related 

to the rectangular duct. The symmetric and asymmetric flow patterns focused on eddies developments, 

recirculation’s observed and energy dissipations. Two tanks with varying length were structured with 

triangular mesh styles and found the symmetric flow patterns in low length tanks but due to large 

length, asymmetric flow patterns observed and small and large eddies observed at the left corner of 

the tank or shallow reservoir. It was caused that symmetric vortices (jets) found in the lower tanks and 

asymmetric vortices (jets) observed in the lower and upper corner of the sediments tank and also 

energy dissipations were higher in the symmetric flow patterns and lower in the asymmetric flow 

patterns in vortices. 

Miranda, et al. [2018] was consequently, modelled the flow patterns experimentally by the use of the 

full equip laboratory tests and numerical approach through the CFD package WOLD 2D. Separate 

flow behavior observed like symmetric and asymmetric patterns through the shallow reservoir with 

length 3.0 m and width 2.0 m and depth was 0.30 m. The main purpose of the research problem to 

examine flow patterns symmetrically situated in the upstream and downstream tanks with various flow 

rates and based upon the steady state flows. The shallow liquid (water) equations were selected through 

the CFD package WOLF 2D and computed the velocity profile through the turbulent k-  model with 

the finite volume discretization’s. It was resulted the flow features observed symmetric eddies in the 

corner experimentally in lower flow rates only but found asymmetric vortices in higher flow rate but 

in numerical modelling, only symmetric flow eddies observed in all flow rates lower and higher with 

all depths of the water through the shallow reservoir. 
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CFD MODELLING OF NAVIER – STOKES EQUATIONS THROUGH COMSOL 

MULTIPHYSICS PACKAGE 

The Computational Fluid Dynamics (CFD) field is a new and vast applicable field because of the use 

of the Mathematical equations particularly, partial differential equations and the physical concept 

with the use of the computational machines to control the large solution of the problem. The problem 

related to the sciences, engineering and mostly industries like medical sciences, aerodynamics and 

hydraulic engineering and also vehicle industries. The CFD based upon the computational packages 

like ANSYS, COMSOL MultiPhysics, FlexPDE’s and many more. Through these packages, the 

problem may be designed, discretized, computed and visualised through the closed and open bodies 

relates to the real-life problems. The most important, chosen the suitable numerical technique to 

control the steady state and transient phenomena of the fluid motion equations because every method 

have some limitations but may be quick and fast convergence. Due to the most important and vast 

applicable in the field, chosen here finite element technique through the use of the COMSOL 

MultiPhysics. (Tutunea, et al. [2013], Trivedi, et al. [2017] and Memon, et al. [2018]). 

The COMSOL MultiPhysics package is based upon the finite element mathematical tool and 

consisted the vast applications with the use of the computational algorithms and required termination 

level of accuracy. 

Figure – 3.1:  Flow chart of the COMSOL MultiPhysics 

 

 

The package has vast flow chart in which chosen a laminar flow problems and then chosen the 

governing equations of fluid dynamics that are built-in and discretized through various finite element 

schemes like Galekrin and Petrov–Galerkin and many more. Initially, discussed the governing 

equations relates to the research problem in this project. 
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1.1 THEORY OF GOVERNING EQUATIONS 

The theory of governing equations is focused on the conservative laws of Physics that is called as 

conservative law of mass and other is momentum. These laws are described here continuity and 

momentum transport equations in two–dimension and in Cartesian 

Coordinates due to the domain based upon the rectangular channel. These equations are limited for 

the Newtonian and incompressible fluids for the coupling of the velocity field and pressure. 

1.1.1 EQUATION OF CONTINUITY 

This equation is used here for the continuum assumption that the rate of the fluids transported at the 

inlet of the body must be equal rate of fluids outflows at the outlet of the body. This assumption is 

described here Mathematically in two – dimension and for incompressible fluids only because of the 

domain of interest.; 

For Incompressible fluids 
 

u* 

x* 

v* 

y* 
0 

(3–1) 

Here u and v show the vector velocity field and known as divergence free vector. 

1.1.2 EQUATIONFOR MOMENTUM TRANSPORT 

The equations are used here the how momentum transported with the coupling of the external forces 

like pressure. This equation is resulted from the most popular law of mechanics called as Newton’s 

second law of motion and is described as the force is directly proportional to acceleration of the body 

and is listed as under; 

 

F = m a (3 – 2)

Where F shows the external force, a show the acceleration of the body and m shows the proportionality 

constant. The equation (3 – 2) can be differentiated with the addition of the physical properties of the 

fluids called as density, viscosity, vector velocity field and pressure and many other terms of the fluid 

dynamics. The general form of the momentum transport equations in dimension form is described as 

under;

 (u. )u =   − p I +  (u +(u)
T ) + F (3–3) 

The equation (3 – 3) is based upon the various type of fluids and many kinds of flow phenomena but 

due to limitation of the research problem. The equations are stated for the laminar flow of Newtonian 

liquid flows and in two–dimension. The following equations are discussed here in the non – 

dimension form for the quick solution and for simplicity. So removed the physical properties like 

viscosity and density and can be converted into the non – dimensional number known as Reynolds 
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number. This number is used for the fluid flow resistance and it is called the fluid inertia. The 

following equations are listed below for the limited research problem;

u* 
+ 

 * u*  
+ 

* u*  = − 
P* 

+ 1    u*  
+ 

  u*  (3–4a) 

t 
 u 

x* 
v 

y* 
 

x* Re 

x* 

 
x* 

 
y* 

 
y* 

 

       

 

v* 
+ 

 * v*  
+ 

* v*  = − 
P* 

+ 1    v*  
+ 

  v*  (3–4b) 

t 
 u 

x* 
v 

y* 
 

y* Re 

x* 

 
x* 

 
y* 

 
y* 

 

       

Here Re is known as fluid flow inertia or Reynolds number that is focused as below 

 

Re = 
  uavg  L 

 

Whilst,  stated as density of the fluid,  stated as the viscosity of the fluid, L stated as 

the length of the channel and umean state as the average velocity. 
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1.1.3 FINITE ELEMENT METHOD 

Historically, initially Richard Courant was provided this technique in the start of 1940 who 

was German and American mathematician this technique was used for the various problems 

relates to the structural mechanics and still employed this tool in same fiel
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and now a day extended into the various other field of mechanics such as solid and fluid 

mechanics. FEM numerical tool makes the predicted solution not limited in the mechanics but 

it can be employed in other sciences like chemistry, Physics and particularly vast applications 

in the biological sciences. FEM tool can be described in different dimensions either 1D, 2D 

or 3D through the use of the CFD package COSMOL MultiPhysics. Some examples are as 

under. 
 

 

 

 

 

 
Figure – 3.2: various styles of the finite element discretization’s 

Above figure – 3.2 displays the various shapes elements. Edges, nodes and full faces of the 

domain. 
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By the use of the individual node, designed the set of discrete form equations after the 

conversion the derivatives into the small unknowns with required boundary value conditions. 

The FEM is a numerical method and used to divide the whole complicated domain into the 

piece wise small elements that may be computed in relation to each other. The whole domain 

described the partial differential equations and the piece wise elements displays the simple 

algebraic terms derived from the discretization process of the FEM. FEM tool is widely 

adopted in the CFD packages like ANSYS CFX, COMSOL MultiPhysics, open Foam and 

many more. The use of FEM tool ranges more fields of physical and biological sciences and 

many industries. Such as vast usage in the designing of aircraft industry, electrical and most 

important computer industry. Now a day, FEM tool proved a most important tool in the 

manufacturing the medicines and whole in biosciences, especially, modelling needed the 

structure of tissues and FEM simulation needed in the modelling of the blood flow through 

arteries, bones and muscles and many more. Also, FEM proved the simulation and modelling 

is better than even experimental techniques. 

Here FEM tool is employed due to large importance available in the literature and FEM tool is 

applied on the governing equations with the availability of the CFD package COMSOL 

MultiPhysics. Bu the packages consisted the various other schemes of FEM such as Galerkin 

and Petrov – Galerkin. Here chosen only Galerkin FEM and also added in the FEM, least 

square process to easily control the steady state solution of the governing equations.
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1.1.3.1 GALERKIN LEAST SQUARE FINITE ELEMENT TECHNIQUE 

The finite element process is widely used for the predicted solution of Navier–Stokes 

equations in the field of the CFD, especially for the Partial differential equations. Also, so 

many other predicted methods like finite volume and boundary value method and lattice 

Boltzmann method have been employed through the computational language coding and 

many more employed with the developed CFD packages. Basically, designed the FEM 

individual model for the elasticity problems in the field of the structural Mechanics and then 

fluid mechanics and many more. Here described the hybrid approach for the solution of PDEs 

such as finite element method with least square approach. LSGFEM is more reliable and 

motivated technique to cover all merits approaches of Rayleigh-Ritz methods especially 

handled the compatibility discrete conditions and removed the property of symmetry and also 

positive definite simple systems. This method is focused on the optimize the convex 

unknowns which are developed through system of equation residuals (Bochev and 

Gunzburger [2005]). 

Mostly, LSGFEM may be defined standardly for the solution of PDE through forcibly pushing 

the residuals of the equation into the orthogonal towards the subspaces of the finite element. 

The finite element approach with addition of least square procedure have so many advantages 

practically such as bases are quickly developed for compatible subspaces, system especially 

linear are quickly constructed and system of linear are comparatively well posed. Also, 

LSGFEM have many more advantages other than FEM method or Rayleigh-Ritz technique 

like least square residual delivered certainly solvable residual indicator error which may be 

employed for adjusting meshes. Consequently, 
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setup of the homogeneous or as well as non – homogenous boundary conditions residuals may 

be integrated towards least square unknowns. 

The LSGFEM is a robust method and more easily computable the unknowns of the partial 

differential equations used for the Navier–Stokes problems in the field of the fluid mechanics 

and more reliable on the first order system of governing equations. Therefore, chosen the extra 

parameter Vorticity to be converted the 2ndorder Navier–Stokes equations into the Vorticity 

velocity –pressure formulation. The Vorticity can be defined 

as w =  u and  u = − 2u so that by using the procedure, can be shifted the 

higher order into the first order system that are highly useful and more reliable by the use of 

LSGFEM (Babuska, et al. [1972] and Bochev and Gunzburger [1994, 2005 a and b]). 

1.1.3.2 PROCEDURE OF FIRST ORDER SYSTEM THROUGH LSGFEM 

In the start, the problem chosen here the 2nd order momentum equation with 

continuity equation but the numerical tool chosen here least square Galerkin 

FEM and it is applicable only on the first order system of equations. Therefore, 

it is essential to describe any algebraic process to remove higher order term in 

the momentum equation. Here added extra variable Vorticity known as curl of 

the velocity. The process is given as 

below; 

 
. u = 0 

 

 

(3 – 6) 

 

− 
1 

 2u +  P + u (u) = 0 
Re 

(3–7) 
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+ = 

= 

Now added extra parameter Vorticity that are 

w =  u      (3 – 8) 

 

As per identity of vector analysis, it is described as below; 

 
    (  u) = −2. u 

 

 
(3 – 9)

After the equations (3 – 8) and (3 – 9) substituted into the (3 – 7), the resulted the system described 

below;

. u = 0 

 

u.u +  
1 

Re 

 

 

 
  w + p = 0 

(3– 10a) 

 
(3– 10b) 

w −  u = 0        (3– 10c) 

 
The required problem is two – dimensional and fluid is incompressible and Newtonian and 

described into the Cartesian Coordinates form as under;

u
* 

x* 

v* 

y* 
0 

(3– 11a) 

 

 u* 

u 
 x 

 u* 

v 
 y 

+ 
 P 

+ 

 x 

1  w* 

 

Re  y 
0 

(3– 11b) 

 
v* 

u 
 x 

 
v* 

v 
 y 

+ 
 P 

 y 

− 
1  v* 

= 
Re  x 

(3–11c) 

 u*  v* 

w* + − = 0 
  

(3– 11d) 

 y  x 

+ 

+ 0 



KJMR VOL.03 NO. 01 (2026) MATHEMATICAL MODELLING OF NEWTONIAN ….… 

  
 

pg. 80 

  

  , 

0 

0 

v 

w 

Now the system (3 – 11) is known as first order system, Further solution can be shifted into 

the matrix system of all unknowns (u, v, P and w) with respect to x and y. 

1 0 0 0   0 1 0 0   u 0 1 0   1  

   v 0 0    
A1 =  

0 

u 0 − 1  , A2 = 
 

Re  

 Re   
0 

v 1 0  

 0 −1 0 0  1 0 0 0  

    

 

 0 0 0 0  
 0 0 0 0  

A = 
 0 0 0 0  
 

0 0 0 1 
 

 0  
  

f =   

 0  
  

  , 

 u  

  

u =   

 p  

  

  

Now apply the least square Galerkin FEM discretization of the system KU = F, only 

compute the stiffness matrix (k) from the following process; 

L  j =  j, x A1 +  j, y A2 + ψj  (3 – 12a) 

 

Ke =   <L 1, L 2,  L 3 ,..,L Ne  T  L 1, L 2 , L 3 ,.....,L Ne  d  (3 – 12b) 

 d 

After computing the stiffness matrix (k) then used the system KU = f to convert into discrete 

algebraic system for the computations of velocity field (u and v), Pressure (p) and Vorticity 

(w). In the end chosen the most applicable numerical tool Newton Raphson method that is 

more convergent iterative technique. 
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i 

i 

x = x 

i i 

i 

1.1.3.2.1 NEWTON RAPHSON METHOD 

This method is mostly known as iterative process and widely employed in the solution of the 

non – linear equations for single variable initially and followed this technique initially by 

Burden and Faires [2005]. After that, widely used in the vast fields of the physical problems 

for single unknowns and after the computer algorithms development, this method is largely 

extended for more than one unknown thorough the system of linear and non – linear equations. 

This process is greatly adopted into the CFD packages especially COMSOL MultiPhysics. 

Through the package, easily handled the various research problems based upon the non – 

linear equations and controlled the number of iterations up to the required level of accuracy. 

The general form of single unknown is described as under 

 

 

 

* 

i + 1 

 

= x* 

f (x* ) 

− f  (x* ) 

 

i = 0, 1, 2, 

3.... 

 

(3– 13) 

 
The equation (3– 13) can be shifted into the determinant form known as Jacobean that are 

given as; 

 

 

* * 

i + 1 i 

− J ( x* )
− 1 

f ( x* ) i = 0, 1, 2, 3.... (3–14) 

 

 

 

Whilst, J ( x )
− 1 

is known as inverse matrix of all differentials of unknowns in terms of x 

and y and the matrix is also called Jacobean matrix that is defined as belew; 

x 

i 
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  

 f1 ( x) 
x 

f1 ( x)...... 

x 

f1 ( x)  
x 

 1 2 n  
f2 ( x) 

f2 ( x)...... 
f2 ( x) 

 


x x x  

 1 2 n  

J ( x)−1 
= . . ......  .  

  

. . ......  .  

. . .......  .  


f f f 

 

   n  ( x) 
  n  ( x)......   n  ( x) 

x x x  

 1 2 n  

 
For the computations of all unknowns from the equations ( 3 – 14), it is necessary to fix or assume the 

initial guessing for all unknowns so assume as (0, 0, 0,,,,,,, ,, 0) . Further, applied the above 

process through the equations (3– 1 4). 

 

4.1 DISCUSSIONS OF THE PREDICTED RESULTS 

The Discussions is based upon the predicted results taken by the use of the finite element 

approach with inclusion Galerkin least square residuals. The predicted results are focused on 

the investigations of the Newtonian and incompressible fluids transport through the various 

ratios of the backward step duct. The fluids examined on the bases of the different Reynolds 

number and effects of the ratio in the domain with fixed Reynolds number. The flow patterns 

observed as streamlines of the velocity, vortex measurement observed in the corners of the 

domain. 
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4.1.1 INFLUENCE OF THE REYNOLDS NUMBER ON FLOW PATTERNS 

OF THE DIFFERENT RATIOS IN THE BACKWARD STEP DUCT. 

First, designed the actual domain that is known as backward step duct with necessary initial 

and boundary conditions at all zones of the duct, mesh structures, streamlines of the velocity, 

computations of the flow features plots like vortex length and vortex intensity as recirculation 

flow rate on the bases of the Reynolds number. 

In the start, figure – 4.1 described the schematic domain of the research problem that are known 

as backward step channel with small channel as outlet. In the domain, the parabolic inlet, zero 

pressure at outlet and Neumann boundary conditions because of the stationary walls are 

imposed. In the continuity, figure–4.2 descried the finer and extremely refined and structured 

meshes for both ratios 1:6 and 1:12 of the backward step channel. The finite element triangular 

structure is chosen with lowest step size 1.3e-03. Figure–4.3(a) described the streamline 

laminar flow patterns of the velocity and changing various Re’s. Startlingly, the very tinny 

primary eddy is observed at the left silent corner of the expansion channel and due to increasing 

the Re’s the size of the Primary eddy is enhanced and moved towards outlet of the channel and 

no secondary eddy is appeared at lower Re’s (=300). Similarly figure–4.3(b) is altered the flow 

phenomena, due to increased more Re’s, the primary eddy is enhanced more in size and clearly 

observed in silent corner of the expansion channel and almost occupied the whole area of the 

core flows. The secondary vortex is also initiated from Re=300 at upper corner of the 

expansion channel and due to increased Re’s (up to 700) the secondary eddy is slowly grows 

in size at right upper corner of the expansion channel. Another tertiary vortex is also observed 

at the left lower corner of the backward step duct. Figure – 4.4(a and b) described the streamline 

patterns for the increased in ratio 1:12 of the backward step channel. Here increased the ratio 

1:12 to enhance the size of the expansion portion of the channel. Due to enhance the ratio, both 

primary and secondary eddies are observed initially (Re = 01) that is not developed in lower 

ratio (1:6). Also, with increasing the Re’s the primary vortex is largely in size is increased 

towards horizontally and vertically and slowly increased the secondary eddy in size in the 

corners of the expansion portion of the channel. Consequently, increased more Re’s, the 

primary eddy is clearly observed the enhancement vertically and horizontally at the left silent 

corner of the expansion portion of the channel but secondary vortex is very too slowly enhanced 

in size at the upper right corner of the expansion portion of the channel. Subsequently, 

increased Re’s up to 500, the large primary eddy is clearly observed at the silent corner of the 

expansion channel and completely filled with the large eddy in the whole region of the 

expansion portion of the channel. And similarly, the secondary eddy is enhanced very slowly 

in size at the upper right corner of the expansion portion of the channel. Due to increase the 

ratio 1:6 to 1:12, the computations are increased further up to Reynolds number 1000. Figure–

4.5 described the more streamline laminar flow patterns and in these patterns, three different 

vortices are observed primary at lower corner (main core flow), secondary at upper right corner 

and tertiary at lower corner of the backward step duct. The computations are started from Re 

= 700 to 1000. The main core flow primary vortex is greatly observed in 

size but the secondary vortex is increased but very slow and tertiary is increased but very too 

slowly. 
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4.1.2 INFLUENCE OF THE ASPECT RATIOS ON FIXED REYNOLDS 

NUMBER 

Figure–4.6(a) displays the effect of the increasing ratio 1:6 to 1:12 in the expansion portion of 

the channel with fixed Re = 01, 200, 300 and 600, In lower ratio (1:6) only primary eddy is 

observed in left corner but in large ratio (1:12), both tinny eddies (primary and secondary) are 

visualized in each corner of the expansion portion of the channel at lowest Re’s (=01) and 

further, increased to Reynolds number (200), the primary vortex is increased in both ratios but 

the size in vortex is higher in the ratio 1:12 to 1:6 and secondary vortex is very too slowly 

increased in size that are negligible. Figure–4.6(b) also described the streamline patterns with 

increased more Reynolds number (300 to 600), the primary and secondary vortex is visualized 

clearly and further increased more but the tertiary vortex is appeared at the lower corner of the 

backward step duct and increased slowly. 

In all streamline flow patterns, it is observed that the vortex size is increased on the 

enhancement of the Reynolds number but the enhancement is lower in the low ratio (1:6) other 

than the higher enhancement in higher ratio (1:12) of the backward step duct. Therefore, 

enhancement is justified in the plots of the recirculation flow rate with function of the 

increasing Reynolds number. Figure–4.7 described the same enhancement visualized due to 

increase the Reynolds number and both plots observed the enhancement but visualized the 

quick linear enhancement observed in the recirculation flow rate for the higher ratio 1:12 of the 

backward step duct. Further, Figure–4.8 described the plot of the computations of the primary 

vortex length observed in the streamline laminar flow patterns and clearly visualized that the 

primary vortex is clearly increased slowly in lower ratio 1:6 and quick increase din plot in the 

higher ratio 1:12 of the backward step duct. In the last, table – 4.9 and 4.10 described the detail 

quantitative values of the recirculation flow rate and vortex length in size with different 

Reynolds numbers. 

In this research project, newly computed the empirical equations through the statistical 

measures as least square regression equations for both ratios of the geometry. These empirical 

equations are focused on the maximum value of the recirculation flow rate with various 

Reynolds number that are listed as below; 

For ratio 1:6 

 
X  = 1.97723e − 06 Re 

16 

 

 

+ 4.3645e − 

03 

 

 

1  Re  600 

 

For ratio 1:12 
 

X  = 1.98797e − 06 Re + 
4.487e − 03 12 

1  Re  1000 
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4.2 SUMMARY 

The COMSOL MultiPhysics package is selected for the numerical predictions of the velocity 

filed and pressure scalar quantity through the governing equations based upon the momentum 

transport equation with couple of the continuity equations. The Galerkin finite element tool is 

employed for the discretization of the governing equations with addition of the least square residuals 

in the shape function. Further, designed the flow features of the velocity field like streamline laminar 

flow features and others such as recirculation flow rate and vortex reattachment length at different 

Reynolds number. For the flow features, two ratios 1:6 and 1:12 of the backward step duct are chosen 

that relates to the large applications of the engineering and industries. The primary vortex at lower 

left corner and secondary vortex at upper right corner vortex is observed at different Reynolds number 

but the primary vortex is largely increased and secondary vortex is slowly increased due to increase 

the Reynolds number. Due to increase the ratio 1:6 to 1:12, the primary vortex is quick appeared and 

too large eddies observed at each corner of the backward step duct. The same increment of the vortex 

phenomena is validated in the computations of the recirculation flow rate and vortex length that also 

appeared the linear and non–linear enhancement. The CFD package results are completely compared 

the flow patterns with the other flow patterns computed through other packages and other numerical 

tools.



KJMR VOL.03 NO. 01 (2026) MATHEMATICAL MODELLING OF NEWTONIAN ….… 

  
 

pg. 86 

FIGURES 

Figure–4.1: Schematic diagram of the two–dimension rectangular backward 

step duct 

Figure–4.2: Finer and Extremely fine mesh of the rectangular backward step 

duct for the ratio (a) 1:6 and (b) 1:12 

Figure –4.3(a): Streamline Contours of Velocity of the 2 – D backward step duct in 

a ratio 1:6 (01 ≤ Re ≤ 300) 

Figure –4.3(b): Streamline Contours of Velocity of the 2 – D backward step duct 

in a ratio 1:6 (400 ≤ Re ≤ 700) 

Figure –4.4(a): Streamline Contours of Velocity of the 2 – D backward step duct 

in a ratio 1:12 (01 ≤ Re ≤ 200) 

Figure –4.4(b): Streamline Contours of Velocity of the 2 – D backward step duct 

in a ratio 1:12 (300 ≤ Re ≤ 500) 

Figure –4.5: Streamline Contours of Velocity of the 2 – D backward step duct 

in a ratio 1:12 (700 ≤ Re ≤ 1000). 

Figure –4.6(a): Streamline Contours of Velocity of the 2 – D backward step duct 

in a different ratio (1:6 and 1:12) with fixed Re = 01 and 200 

Figure –4.6(b): Streamline Contours of Velocity of the 2 – D backward step duct 

in a different ratio (1:6 and 1:12) with fixed Re = 300 and 600 

Figure –4.7: Recirculation flow rate () at various Reynolds numbers (Re) for 

the 2–D backward step duct in a different ratio (1:6 and 1:12) 

Figure –4.8: Vortex length (X) at various Reynolds number (Re) for the 2–D 

backward step duct in a different ratio (1:6 and 1:12) 

Table–4.9: Minimum and Maximum values of Recirculation flow rate at 

different Reynolds Number for the ratio 1: 6 and 1:12 2–D backward 

step duct 

Table–4.10: Vortex Length (X) at different Reynolds Number for the ratio 1: 6 

and 1:2 of 2–D backward step duct
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Figure–4.1: Schematic diagram of the two–dimension rectangular 

backward step duct. 
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(a) 
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(b) 

 
Figure–4.2: Finer and Extremely fine mesh of the rectangular backward step duct for 

the ratio (a) 1:6 and (b) 1:12. 
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Re = 100 

 

 

Re = 200 
 

 

Re = 300 

 
Figure –4.3(a): Streamline Contours of Velocity of the 2 – D backward step duct 

in a ratio 1:6 (01 ≤ Re ≤ 300) 



KJMR VOL.03 NO. 01 (2026) MATHEMATICAL MODELLING OF NEWTONIAN ….… 

  
 

pg. 91 

 

 

Re = 400 
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Re = 600 
 

 

Re = 700 

 
Figure –4.3(b): Streamline Contours of Velocity of the 2 – D backward step duct 

in a ratio 1:6 (400 ≤ Re ≤ 700) 
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Re = 100 
 

 

Re = 200 

 
Figure –4.4(a): Streamline Contours of Velocity of the 2 – D backward step duct 

in a ratio 1:12 (01 ≤ Re ≤ 200) 
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Figure –4.4(b): Streamline Contours of Velocity of the 2 – D backward step duct 

in a ratio 1:12 (300 ≤ Re ≤ 500). 
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Re = 1000 

 
Figure –4.5: Streamline Contours of Velocity of the 2 – D backward step duct 

in a ratio 1:12 (700 ≤ Re ≤ 1000). 
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Figure –4.6(a): Streamline Contours of Velocity of the 2 – D backward step 

duct in a different ratio (1:6 and 1:12) with fixed Re = 01 and 200. 
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Figure –4.6(b): Streamline Contours of Velocity of the 2 – D backward step duct 

in a different ratio (1:6 and 1:12) with fixed Re = 300 and 600. 
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     (a) 

 

(b) 

Figure –4.7(a and b): Recirculation flow rate () at various Reyno lds  numbers 

(Re) for the 2–D backward step duct in a different ratio (1:6 and 1:12). 



KJMR VOL.03 NO. 01 (2026) MATHEMATICAL MODELLING OF NEWTONIAN ….… 

  
 

pg. 98 

 

 
     (a) 

 

(b) 

Figure –4.8(a and b): Vortex length (X) at various Reynolds number (Re)for the 2–D backward 

step duct in a different ratio (1:6 and 1:12). 



KJMR VOL.03 NO. 01 (2026) MATHEMATICAL MODELLING OF NEWTONIAN ….… 

  
 

pg. 99 

Recirculation Flow rate () 

Reynolds 

number 

(Re) 

Ratio of the domain 

 

(1:6) 

Reynolds 

number 

(Re) 

Ratio of the domain 

 

(1 :12) 

(1 min) (1 max) (2min) (2max) 

01 1.14e-12 2.00e-06 01 2.47e-13 2.00e-06 

50 5.25e-11 1.00e-04 50 1.28e-11 1.00e-05 

100 7.81e-11 2.01e-04 100 2.74e-11 2.01e-04 

200 2.57e-10 4.00e-04 200 8.23e-11 4.00e-04 

300 6.81e-9 5.98e-04 300 5.87e-11 5.99e-04 

400 3.54e-09 7.96e-04 400 1.99e-10 7.97e-04 

500 1.83e-10 1.08e-03 500 4.47e-10 9.94e-04 

600 1.03e-08 1.19e-03    

 
Table–4.9: Minimum and Maximum values of Recirculation flow rate at 

different Reynolds Number for the ratio 1: 6and 1:12 2–D backward 

step duct 
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Vortex Length(X) 

Reynolds 

number 

(Re) 

Ratio of the domain 

 

(1:6) 

Reynolds 

number 

(Re) 

Ratio of the domain 

 

(1 :12) 

(X) (X) 

01 0.020 01 0.030 

100 0.049 100 0.070 

200 0.140 200 0.70 

300 0.190 300 0.260 

500 0.280 500 0.310 

600 0.300   

Table–4.10: Vortex Length (X) at different Reynolds Number for the ratio 1: 6 

and 1:2 of 2–D backward step duct. 
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CONCLUSION AND APPROACHING EXPECTEDWORK 

5.1 CONCLUSION 

Initially, developed the approximate model called as Galerkin Finite element least square model for 

two–dimensional research problem. The research problem relates on the transport equation 

particularly known as momentum equation includes with continuity equation. New technique is chosen 

here known as Vorticity for the conversion the governing equation into first order system. The first 

order system is easily discretized through finite element approach and then selected Newton’s method 

for final computations. The problem is chosen the two–dimensional Newtonian fluid flows through 

two different ratios 1:6 and 1:12 in the backward step duct. 

Various flow features are computed and plotted as streamline flow patterns of the velocity, 

recirculation flow rate and eddy length in size and all focus on the different and increasing Re’s. In 

both ratios of the domain, it is observed that the primary eddy is observed at the lower corner of the 

backward step duct and very largely enhanced due to increase the Re’s initiated from 01 to 600 in the 

ratio 1:6 of the backward step duct. Also, the secondary eddy is observed at upper right corner of the 

backward step duct and very slowly enhanced due to increase the Re’s. Due to increase the ratio of 

the backward step duct, in a lower ratio, the small eddies in length are observed and increased and 

high in 

length eddies due to higher ratio at left lower corner and upper right corner of the backward step duct. 

Due to increase the ratio of the backward step duct on fixed Reynolds number, the vortex phenomena 

are clearly visualized in the figure – 4.6. At lower Reynolds number (01), the primary and secondary 

vortex is almost same appeared in the corner of the backward step channel. 

In the plots of recirculation flow rate and primary eddy length appeared in the silent corner of the 

backward step duct is also justified the enhancement in the quantitative values with increasing Re’s. 

The newly developed the Empirical equations that are focused on the quantitative values of the 

recirculation flow rate with different Re’s. The excellent predicted results are obtained and compared 

with the other numerical results found in literature. 

5.2 APPROACHING EXPECTED WORK 

The research domain may be extended to observe the behavior of Newtonian in terms of the non –

Newtonian fluids. The domain may be extended to fix more than one inlet and also outlet in the 

backward step channel. It may be fixing the obstacles in the domain of the backward step channel to 

analyze the fluid flow features and creates the heat and mass transport phenomena.
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