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1. INTRODUCTION

There exists countless real-life phenomenon where a set of independent entities form a complex network
of relationships based upon any of their interdependency. Often, there exist multiple paths connecting the
networks nodes among each other. In various real-world situations, there arises a dire need to ascertain a
shortest link between two members of the network. Ascertained shortest link is termed as Shortest Path
that is the path with minimum total cost among all existing alternate paths. A well-defined computational
procedure called algorithm, a sequence of computational instructions that transform the input into the
output [1], is required to solve Shortest Path problem.

All scientific activities including computation depends on mathematical modeling of real-world
phenomena, even though they are only approximate idealizations [2]. A graph is an abstract representation
of mathematical model that can be used to express complex computation phenomenon with clarity and
precision in a concise pictorial language [3]. A graph contains a set of vertices and a set of edges joining
the vertices; therefore, it can be used to transform a phenomenon of objects as vertices and associations /
relationships as edges to determine a shortest path between these objects.

The Shortest Path problems are graph-searching algorithms that identify the optimal route with minimum
cost from a given starting vertex to the target vertex. Design of an efficient algorithm to find out shortest
path in a graph is an ongoing research challenge [4]. Graph algorithm works on graphs to provide solution
to a problem represented by the graphs [5]. The solution can be identified based on various settings of the
graph. For example, the graph can be static, where the vertices and the edges do not change over time, and
in contrast, a graph can be dynamic, where vertices and edges can be introduced, updated, or deleted over
time. The graph contains either directed or undirected edges and the edges may carry weights, moreover,
the weights can either be non-negative or negative and their values can be real or integer numbers. These
are the different constraints posed by the problem being studied [6].

Shortest Path algorithms implement various searching approaches to find the minimum distance (cost)
and each approach generates different performance aspects, therefore, an algorithm is analyzed to discover
its performance characteristics to evaluate its suitability for various applications or to compare it with
other algorithms for same application. Analysis of algorithm means to predict its greediness for resources
such as memory, bandwidth, or hardware but most often the computational time. The terms “theory of
algorithms” and “scientific approach” are used to describe analysis of algorithms and to classify the
algorithms as per their performance characteristics [1, 2].

To find out shortest path is computationally costly in terms of time and space requirements. Prediction of
the greediness of an algorithm for computational time is termed as Time Complexity of an algorithm.
Scope of this research is to review time complexity of the single source shortest Path algorithms [8].
Although this review might show that there is only a slight time complexity variations, however, these
small differences become crucial in bigger graphs.

The rest of this paper is organized in the fashion such that section II briefly presents Shortest Path
applications followed by the basics of graph theory in Section III. The section IV of paper explains the
analysis of algorithms and covers Shortest Path algorithms. The section V & VI provide time complexity
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analysis of Dijkstra’s and Bellman-Ford algorithms, respectively. Finally, section VII provides
conclusions.

2. Applications of Shortest Path Algorithms

Applications of Shortest Path algorithms encompass multiple disciplines such as social sciences, biology,
technology, chemistry, neuroscience, software engineering, security, logistics & planning, and finance [9]
etc.

2.1 Digital mapping services in Google Maps / GIS:

Distance from one city to another or from a location to another desired location, selection of network path
topology, GIS and track planning are every day computational tasks. In such computational tasks, there
are multiple routes / paths connecting the entities under certain constraints like obstacles avoidance and
boundary control conditions such as navigation mission, maneuverability and geomagnetic navigation
adaptability. Shortest path algorithms serve as backbone of these computations. Moreover, in addition to
3D geographic information network analysis shortest path algorithms have a wide range of applications
in path analysis, location analysis, and cost analysis. A lot of research has undergone for shortest path
visualization on the vector data [10, 11, 12 and 13].

2.2 Social Networking

Social network is a structured collection of dyadic associations between social entities such as persons /
groups/ organizations. Social networking has attracted a lot of attention from different fields of study
including sociology, informatics, and computer science. Social influence, social groupings, inequality,
disease propagation and communication of information are today’s research topics. Shortest path is an
extremely important tool for social network analysis, for example, it can be used to study the behavior of
information spreading, especially fastest information spreading.

People maintain variety of social relationships like family, friends, colleagues, neighbors, and different
other associations such as jobseekers and professional these relationships vary from weak to strong in
strengths. Weak ties are extremely important in social networks. People generally turn down the invitation
of unknown person (weak tie), which result in breaking of a link and loss of information. Bostjan Sumak
and Maja Pusnik analyzed the application of Dijkstra and Bellman-Ford shortest path algorithms in social
networks as a strategic attempt to speed the search of network nodes [14].

Singh et al. [15], analyzed the collaboration network structure for betweenness and average gap between
the relationships of scientists, and recommended that the research work and paper reviewing efficiency
can be improved based on the shortest path. LinkedIn or Facebook, exponentially increasing social
network models, represent huge entities and their relationship. LinkedIn connects professionals
worldwide. The website finds the shortest path to reach a desired person by starting from inquiring
person’s connections and moving on to friends of the friends [16].
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2.3 Telecom Networks / File Servers

In telecom networks / File servers such as IP Routing, Telephone Network and Content Delivery Networks
(CDN), routers and servers are considered as entities and factors such as bandwidth, physical distance or
similar metrics are treated as relationships between these entities. Cloud computing triggered the rapid
expansion of data center networks (DCN). DCN adopted conventional link state routing algorithms. Most
traditional Software Defined Network (SDN) controllers rely on the Shortest Path First (SPF) algorithms
for routing decisions. The controller obtains current network topology through the Link Layer Discovery
Protocol (LLDP)-based topology detection mechanism. Whenever the network topology changes, the
controller recalculate shortest path(s) between nodes [17].

2.4 Business and Marketing

Yinbo et al. [18] suggested an efficient shortest path algorithm for a directed weighted graph in which
cost of all arcs depends on the source node. The algorithm can be applied to optimal assortment problem
for a network good industry with vertical differentiation. The assortment problem was introduced to select
what products to be produced or stocked from a large product category when it is not desirable to stock
all of them. The research revealed that the algorithm can identify an optimal assortment plan in polynomial
time.

2.5 Technology

The routing in VLSI design is very crucial and time consuming. VLSI design instance graphs consist
millions of shortest paths in billions of the vertices. Therefore, instance specific algorithm, which heavily
exploits the instance structure, may offer an acceptable running time [19]. Bao Zhang et al. [20] claimed
a novel method based on shortest path theory for unsupervised object-level video object segmentation and
compared it with the state-of-the-art methods. The proposed method demonstrated that it performed well
when foreground object is interfered by other fast-moving objects, however, failed when the foreground
object misses in many video frames.

2.6 Road Networks

Computing the shortest travel routes between cities is a fundamental problem in road networks. Shortest
path based methods are proposed in the literature for efficient shortest path query processing. A shortest
path algorithm based on MapReduce proposed in [21] which uses widely existing vehicle data. The A-
stepping algorithm [22] successfully implemented for distributed memory architectures in which
Dijkstra’s algorithm is divided into phases and each phase is executed in parallel. Daniele et al. [23] carried
performance analysis of A-stepping algorithm considering threading, load balancing and synchronization
parameters with focus on the Game-Map graphs commonly used to represent the physical environment
for trajectory planning of autonomous vehicles.

2.7 Medical Sciences

Ryan et al. [24] concluded that Dijkstra’s Shortest path algorithm analyses lead to many new discoveries
in structural biology which were not previously possible. Applications include protein shape changes due
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to increased thermo-stability, finding, and examining ion channels and pores, the depth of binding sites
and how this affects binding affinity, and finally finding and comparing the shapes of pockets. While
analyzing the distances from these various surfaces to each other or into the molecule or solvent has led
to many new and different applications from the original surface analyses, moreover, there remain many
avenues for inquiry into macromolecular shape and biological function.

Recent studies in medical sciences have implemented network analysis and shortest path analysis in
understanding brain functioning, cancer genetics to drug development and so on. A shortest path network,
a special weighted network, is constructed from the functional brain network to understand the intricacies
of brain functioning. Co-expression networks (GCN) are developed in genetics to represent relationships
between different genes. The “load points” analysis of metabolites in a metabolic network is based on
ratio of the number of valid k-shortest path passing through the metabolites and its nearest neighbor
connectivity [25, 26 and 27]. Several directed relationships, for example “inhibits,” “enhances,”
“regulates” etc., in the field of biology can be shown graphically. Systems Biology Graphical Notation
(SBGN) visual language describes standards for arrow usage [28].

2.8 Neuroscience

M. Thilaga et al. [29] analyzed the shortest paths, computed using the threshold network of the fully
connected Functional Brain Network (FBN) that includes only the influential connections (connections
over which the amount of information exchange is high), to identify the brain’s information
communication patterns during mild and heavy cognitive load states. Possible shortest paths between all
pairs of nodes and number of occurrences of each the edge is calculated to construct Shortest Path Network
(SPN) using these influential connections. SPNs of mild and heavy cognitive load states are further
analyzed heuristically that highlights the Connection Density (DC) i.e. the edges occurring in the shortest
paths many times of the respective state. Moreover, the SPN based FBN analysis technique can be
extended further to identify community structures, the connected components, to analyze and understand
the topology of SPN networks for different cognitive load state.

2.9 Logistics

Logistics distribution vehicles shortest route is the goal for supply chain management efficiency. Zhang
et al. [30] concluded that shortest path is one of the most common problems in medium or large logistics
enterprises. The metrics including geographical shortest distance, time, cost, line capacity, and traffic
congestion and so on may affect distribution path. Cost control and profit maximization distribution route
can be transformed to the shortest path problem by setting weight for each of the factors.

Advanced shortest path methods model the optimality of the path amongst possibilities [31, 32] therefore,
plays important role in trajectory planning. Shortest path algorithms establish linear correlation between
shortest path length and the water age for optimal water distribution [33] and crime spots and police
stations [34]. A very little material is referred above from a plethora available in research that establishes
the need to calculate shortest path in variety of context with diversity of applications in different domains.
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3. Graph Theory and Shortest Path Algorithms

Pictorial representation provides convenience in analysis of a complex phenomenon. Graphs are used
across many application domains to interpret complex networks of relationships formed by people, roads,
financial transactions, etc. as simple yet effective medium to model real life phenomenon [9].

Tow vertices u and v of a graph G are connected if there exists an edge e between the vertices. A complete
graph Kn contains n(n — 1)/2 edges as show in Fig. 1(b). The complete graphs pose the worst case
problems to the shortest path algorithms. The degree of a vertex v in a graph G, denoted by dG(v) or deg
v or simply d(v), is the number of edges incident with v. Vertex v of degree 0 is called an isolated vertex
and vertex v of degree 1 is called a pendant vertex. Sum of the degrees of the vertices of a graph G is twice
the number of edges [35].

(@) (b)
Figure. 1. (a) A simple graph (b) A complete graph

A weighted graph is a graph in which E, set of edges between the vertices u and v (E = {(u, v) |u, v €
V}), is associated with a weight function w:E — R, where R denotes the set of all real numbers. Most of
the times, the weight wuv of the edge between nodes u and v represents the relevance of association [36].
The graphs are stored in computer memory using data structures such as Adjacency Matrix, Incidence
Matrix and Adjacency List [37], and these graphs storage techniques play vital role in graph traversal
algorithms from the computation prospect.

Adjacency Matrix Adjacency matrix A(G) of graph G, a square matrix of size N X N where N is the
number of vertices, is illustrated in Table 1 for the simple graph in Fig. 1(a). It indicates presence of
connection A[u,v] =1 and absence of connection A[u,v] =0 and A[u,v] = wuv for a weighted graph where
wuyv is weight of the edge between adjacent nodes. The simple graph matrix denotes zeros diagonally. The
adjacency matrix is symmetric (transpose-rows and columns are equal) for undirected simple or weighted
graphs and non-symmetric for directed graph, thus differentiating its upper and lower part of its diagonal
line (uv is not the same as vu).

Table 1: Adjacency matrix of the simple graph in Fig. 1(a).

Vi1 V2 V3 V4 V5
Vi 0 1 1
V2 1 0 0 1 1
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V3 1 0 0 1
V4 0 1 1 0 1
V5 0 1 0 1

Incidence Matrix An incidence matrix I(G) of G, a M x N (where N is the number of vertices and M is
the number of Edges), is illustrates in Table 2 for the simple graph in Fig. 1(a). The matrix M(G) = [mij]
represent mij = 1 if the vertex vi is an incident to the edge ej and 0 otherwise.

Table 2: Incidence matrix of the simple graph in Fig. 1(a).

Vi 1 0 1 0 0 0
V2 1 1 0 1 0 0
V3 0 0 1 0 1 0
V4 0 0 0 1 1 1
V5 0 1 0 0 0 1

Incidence matrix is memory greedy than adjacency matrix, specially, when number of edges is higher than
vertices. Neighborhood scanning takes n steps for all the vertices even if deg(v) is much less than n,
however, the query for incidence of an edge responded in constant time.

Adjacency List an adjacency list Adj(G) of G is a collection of n lists where there is a list for each vertex
v of G consisting record of each of its neighbors. Adjacency list is a space efficient representation in
comparison to adjacency matrix and incidence matrix, particularly when the input graph is not a complete
graph. Fig. 2 illustrates the adjacency list.

1 2348

l 2[5/ 1fo 100 1]

O—2) [+ R 2lt o111

[ /,-/ @ 1 2 4|/ 01010

4| =o(2] 3-{5] =+{3]/] 01101

' " s| el F{1]H2]/] S|t 1010
(a) (b) (©)

Figure. 2. Adjacency List

Graph attributes representation Algorithms need to maintain attributes for vertices and/or edges to operate
on graphs. Notations, such as v.d are used for an attribute d of a vertex v, similarly, an attribute, say f, of
an edge (u, v) is represented as (u,v).f. In a digraph G = (V, E), the predecessor list Pv € V and successor
list Sv € V of a vertex v are defined and listed (Pv and Sv list (fig.9) of the digraph in fig.10) as follows:

Py={ueV:(uv)eE}

Sy={ueV:(uv)eE}
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Table 3: Pv and Sy lists of vertices in Fig. 5

| Pv | Sv
1 {2} {2,3,4}
D (1,5} (1,54}
3 {1,4} {4}
4 {123} {3,5}
5 {2,4} {2}

4. Analysis of an Algorithm

Regardless of how fast computers become or how cheap memory gets, efficiency of algorithms will always
remain an important consideration [38]. Time complexity analysis of algorithms. Analyzing an algorithm
discovers its characteristics to evaluate its suitability for various applications or to compare it with other
algorithms for the same application. To determine how efficiently an algorithm solves a problem, it is to
analyze the algorithm and by analyzing several candidate algorithms for a problem the most efficient one
can be identified. Such analysis may indicate more than one viable candidate, but we can often discard
several inferior algorithms in the process. Computational complexity deals with inherent cost of solving
an information processing problem. Analysis of algorithms is a special case of computational complexity.
The cost is measured in terms of various well-defined characteristics of interest and the most primary
characteristics are the time and the space, particularly the time [38]. The prime goal of analysis of
algorithms is to estimate time and space requirement of the algorithm as function of the input size,
particularly, to determine the asymptotic behavior of the function, specially, with very large input size [2].

A reasonable measure of the input size is the number of input elements for algorithm. For example the n
number of items in the input array A[] of the algorithm A given below in figure 3, is a simple measure of
the size of the input, therefore, n is called the input size of the algorithm. However, at times, size of the
input using two numbers is more appropriate to measure input size, for example when a graph, consists of
vertices and edges, is the input to an algorithm, in such a situation the input size consists of both
parameters.

Algorithm A (A[], x)

1 fori=1toA.length

2 // Total elements of A[] are denoted by A.length)
3 if Ali] = x

4 return TRUE

5 return FALSE

Figure. 3. Algorithm A

After determining the input size, the most important factor to determine is the basic operation of an
algorithm. There is an instruction or group of instructions, such as comparison instruction in algorithm A,
which is performed as a basic operation in the algorithm. Efficiency of the algorithm is evaluated by
determining how many times an algorithm performs this basic operation for each value of n. Generally,
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the total work done by the algorithm is roughly proportional to the number of times the basic instruction
or group of instructions is performed.

Consider an instance of a problem given in Figure 4, such that: is there key x in a sorted array A[] of n
elements (say 32 elements)?

i= 1 2 B ey 30 31 32

A 1 2 3 30 |31 |32

Figure. 4. Algorithm A

Let x =35, then the algorithm A, based on sequential search technique, searches the array A[] sequentially
and performs n number i-e 32 of comparisons to determine that key x is not in the array A[]. Similarly, if
x = 32, the algorithm must perform 32 i-e n number of comparisons to determine that key x is present in
the array. If T(n) is a function that denotes the number of times the basic operation is performed than:

T(n) = n (Basic operation is performed n times)

It is important to note that above instance of the problem poses worst case scenario, in which algorithm A
has to compare all the elements of the array A. The time complexity of worst-case scenario is termed as
worst-case time complexity. Time complexity of algorithm A is said to be a function of input size as T(n)
=n.

In another instance, let x = 1, then algorithm A will return result after its first iteration as A[1] = 1, here
the algorithm compared only one element of the input array A[]. This is the best-case scenario and time
complexity is termed as best-case time complexity and the basic operation is performed:

T(n) = 1 (Basic operation is performed 1 time)

Now suppose x is randomly chosen and algorithm A is executed on its input array. How long will it take
to determine whether x is there in the array or not? On average, half the elements in A [1. . n] are less and
half the elements are greater than A[n/2], therefore, at the average sequential search iterations would be
about n/2 thus the resulting average-case running time turns to be a linear function of the input size, just
like the worst-case running time. The scope of average-case analysis is limited because it may not be
apparent what constitutes an “average” input for a particular problem, although technique of probabilistic
analysis applied although a randomized algorithm, which makes random choices, to allow a probabilistic
analysis and yield an expected running time [1].

Since worst-case performance provides assurance that the algorithm will never take anymore longer time,
therefore, theory of algorithms is mostly interested in worst-case performance characteristics of an
algorithm no matter what is the input size [2]. Worst- case defines an upper bound running time of an
algorithm for any input. The worst case occurs often for some algorithms, for example searches for absent
information may be frequent in some applications therefore, worst case will often occur for searching
algorithm when the information is not present in the database [1].
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Algorithm B (A[], x)
1 intmin=1
3 int max = A.length

4 while {max = min)

5 int mid = [{max + min)/2]
6 if (A[mid] = x)

7 return TRUE

8 else if {x < A[mid])

9 max=mid -1
10 else

11 min =mid + 1

12 return FALSE

Figure. 4. Algorithm B

Algorithm A is analyzed so far. Let’s consider another algorithm B given in figure 5. The algorithm is
designed on binary search technique, in which A[mid] is compared in each iteration. If x < A[mid], only
lower half of the array will be considered in next iteration and vise-versa, so half of the remaining input
elements are eliminated form comparisons in each iteration, means input elements for subsequent
comparison are reduced to half per iteration. Therefore, algorithm B does six comparisons when x = 35 or
32. Notice that 6 = (log2 32) + 1. Hence the worst-case time complexity of algorithm B is:

T(n) = 1g n (Basic operation is performed Ig n times)

Analysis of the algorithms A and B proved that algorithm B is superior in comparison to algorithm A in
terms of time complexity for same application.

Asymptotic notations, adapted from classical analysis [39], primarily describe and bound the running
times performance of algorithms. The O-notation is used to denote an upper bound; the - notation
denotes a lower bound; and the ©-notation provides a way to express upper and lower bounds.

4.1 Categories of Shortest Path Algorithms

Shortest Path algorithms fall into two broad categories (a) Single-Source Shortest Path (SSSP) where the
objective is to find shortest path from a single source vertex to all other vertices (b) All-Pairs Shortest
Path (APSP) where the objective is to find shortest paths between all pairs of vertices in a graph. Shortest
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Path algorithms are given a graph and a start vertex and asked to find the shortest paths from start vertex
to every/any other vertex in the graph [6, 8, 1]. The SSSP algorithm can solve many other problems,
including [1]:

. Single-destination shortest-paths problem: The algorithms find shortest path to a given
destination vertex t from each vertex v. Reversing the direction of edges in the graph, can reduce
this problem to a single-source problem. Consider an instance of road networks of six cities, in which
it is to find shortest distance to city A from rest of the five cities. Here, instead of computing shortest
distance from each the city-to-city A, it is convenient to compute shortest distance from A to all the
cities using Single-Source Shortest Path algorithm just by reversing the direction of edges in the
graph.

e  Single-pair shortest-path problem: Finds a shortest path from u to v for given vertices. A solution
for the single-source problem with source vertex u, can this problem also.

e  All-pairs shortest-paths problem: Finds a shortest path from vertex u to v for every pair of vertices
u and v. This can be solved by running a single-source algorithm once from each vertex.

In a problem statement such that given a set of N vertices (objects), ordinary numbered from 1 to N and
N x N matrix D. The matrix does not necessarily symmetric, whose elements dij represents the weight
(cost) of the directed arc (association / relationship) connecting vertex i to vertex j, find the path of shortest
length connecting vertex 1 and N. Assume initially that dii = 0, dij > 0. If no arc is directed from vertex i
to vertex j, then dij = oo; or, for the purpose of digital computation, dij is taken large [40].

In Fig. 5 there are multiple paths from v2 to v3, such as [v2, v4, v3], [v2, v1, v3], and [v2, V1, v4, v3]
which means there are more than one candidate solutions and each solution has an associated value. The
shortest path from v2 to v3 is [v2, v4, v3] that has an optimal value therefor it is the solution to the instance.
It is obvious that shortest paths problem is an optimization problem where an optimal value solution is the
solution to an instance of the problem. The optimal value is either minimum or maximum depending on
the problem. In Shortest Paths problem the associated value is the length of the path from source vertex
to target vertex and the optimal value solution would be the path with minimum length.

Figure. 5. Directed Weighted Graph
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Algorithm for shortest path problem would determine the lengths of all the paths from source vertex to
each other vertex and will compute the minimum of these lengths. The algorithm will result in worse than
exponential-time for a complete graph, where the number of paths from first vertex to another vertex is
the total of the paths that start at the first vertex, end at the other vertex while passing through all other
vertices in the graph. Subsequently, at the second vertex there will be n — 2 vertices, at the third vertex
there will be n — 3 vertices and so on. At the second to-last vertex there would be only one vertex, the total
number of paths from one vertex to another vertex that pass through all the other vertices is (n-2) (n-3)
...... 1 = n!, which is worse than exponential. This same situation arises in many optimization problems
therefore; the algorithm that considers all possibilities is exponential-time or worst, whereas the goal is to
find a more efficient algorithm [38].

The quest for a linear-time SSSP algorithm on directed graphs with weighted edges is an ongoing hot
research topic [41]. Several informed (heuristic) and uninformed (optimal) algorithms such as Breadth
First Search (BFS), Dijkstra’s algorithm, Symmetrical Dijkstra’s algorithm, A* algorithm, Bellman-Ford
algorithm, Floyd-Warshall algorithm and Genetic algorithm are frequently used to discover shortest path
[42]. However, this article restricts the scope of to the uninformed algorithms, only, because it seems
rational to compare the similar category at a time. The BFS is ideal solution for unweighted or the graphs
with identical weighted edges. The BFS algorithm operates in O(V + E) time complexity [43].

5. Dijkstra Algorithm

The Dijkstra algorithm calculate the shortest paths from the given source to all other nodes in the graph,

increasing node by node to get a shortest path tree and finds path of minimum total length between source
and target nodes [44, 45 and 46].

DITESTREA (Graph. sourse)
1 Tfoxy each vertex v € 717

2 v.d = oo (cigt from 5 to vertex v) TCH -A

W

v. AL = Nil (predecessor of vertex v)

-4 chigt[s] = O (cisgtance from vertex s to s)

S S=0

(8 Q= 7.t } 1CH-H

while ©Q = @

S o~ vertex in Q with nun 2. } T G-
© S=8u ]

LO // Relax all adjacent vertices ol vertex

11 for each vertex v € G Ady[n]

12 it vl i B w (i, V) e [ CH-F
13 v = w.d -+ w (2. v) I1G-D
14 v.JL =u

15 // re-amrangement of priority cqueue

16 Update © (decrease-key) } G- J

* Insttructions Group

Figure. 6. Dijkstra’s Algorithm
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5.1 Time Complexity analysis

As discussed earlier, in addition to input size it is most important to determine an instruction or group of
instructions as basic operations of an algorithm. Instructions Groups (IG) are marked as IG-A, IG-B and
so on in Dijkstra algorithm above. The IG-A initializes the shortest-path-estimates (v.d) and predecessors
(v.JL) in O(V) time. IG-B builds minimum-priority-queue Q in O(V) time. The selection of a node with
minimum values for subsequent iteration is performed at IG-C. IG-D is performed a total of |E| times
within all iterations of while loop as relax process is performed at each vertex thru each of its edge. Priority
queue decrease operation is performed at IG-E during each iteration of while loop. It is important to note
that IG-C thru IG-E are fallen within while loop at IG-F.

The selection of subsequent node is based on minimum priority queue technique therefore an efficient
priority queue implementation reduces the asymptotic behavior of Dijkstra’s algorithm. So, the variants
of Dijkstra’s algorithm competing for running time performance implement the minimum priority queue
using different methods. Relax operation at IG-D tighten an upper bound that affects the running time
performance of the Dijkstra’s algorithm. The efficient time complexity achieved so far is O(E+VIgV)
using Fibonacci heap, however the time complexity can be reduced to O(E + V Ig V) using Integer priority
queue.

Array Indexed-by-Vertex: Let the graph G is represented as an adjacency matrix and priority queue Q
is represented as an unordered list. Here, A[i,j] stores the information about edge (i,j). Priority queue is
implemented by an array indexed by vertices numbered from 1 to [V|]. In such implementation, the time
taken for updating dist[j] for each neighbor of node 1 is O(1). However the time taken at IG-C for selecting
node i with the smallest distance costs O(V) time within each iteration of the while loop, as there is 1
iteration for each vertex therefore there would be |V| number of iteration that will lead to O(V2) time.
Scanning of neighborhood at each vertex takes O(|E|) time and one vertex is deleted from Q. Thus, the
sum of running time of each instructions group would be the total time complexity for a graph of V vertices

[1]:

O(V) +O(V)+ 0 (1) + OE) + O(V(V))
O(V2+E)

O(V2) * according to the order of the growth

Binary Heap: However, if the given graph G is represented as an adjacency list and priority queue Q is
represented as a binary heap then all vertices of the graph can be traversed using BFS in O(V + E) time.
A heap can support any priority-queue operation like extract-min and decrease-key value and takes O(lg
V) time on a set with

|V| vertices, so, the overall time complexity would be [47, 48]:
O(V)+0O(V)+0O(VIgV)+O(ElIg V)

O(E Ig V)
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D-ary (D-way) heap: Minimum priority queue implementation using D-ary heap insert and Heap-
decrease-Key operations cost O(lg V / Ig d) and extract-min takes O (d 1g V / Ig d), therefore total running
time for |V| nodes is [49]:

O((V.d+E)lg V/lg d)

Fibonacci Heap: The maximum for a graph with V vertices the heap size is [V|-1. A Fibonacci-heap, will
take O(V 1g V + E) time for heap operations and O(V + E) time for other tasks thus running time for
Dijkstra’s algorithm[1, 50, 8] would be reduced to:

O(VIigV+E)

Integer priority queues: Integer priority queue where a key can be deleted in O(lg Ig V) time and O(1)
time for other operations [51], the time complexity is achieved as:

OE +Vliglg V)

A concise view of the variants of Dijkstra’s algorithm competing for better time complexity using different
priority techniques are appended in Table 3 below:

Table 4: Different priority Queue implementation Time Complexity (Dijkstra Algorithm)

Priority Queue implementation Total running time cost
Node-indexed array o)
Binary heap OElgV)
D-way heap O((V.d+E)IgV/lIgd
Fibonacci Heap OWVIgV+E)
Integer priority queue OE+TVIglgV)

6. Bellman-Ford Algorithm

The Bellman-Ford algorithm, shown in figure 7, finds single source shortest paths in a graph with even
negative edge weights (but no negative cycles). The algorithm has inherent ability to detect negative
cycles. Bellman-ford relaxes minimum-path-estimates iteratively and finds guaranteed minimum path
from source node to all other node in in [V|-1 iterations for a graph of |V| nodes.
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BELLMAN-FORD (Graph, source)

[N

for each vertex ve G.V
2 v.d = (dist from s to vertex v) IG-P
3 v.JT = Nil (predecessor of vertex v)

4 dist[s] = O (distance from vertex sto s)

5 fori=1to|G.V]-1 1

6 // Relax adjacent vertices of vertex u
7  for each vertex v € G.Adj[u] )

8 if vd>u.d+w(u,v) IG-R
9 vd=ud+w(u,v) PIG-Q

10 v.JL =u 3
11 for each edge(u,v) € G.E

12 ifv.d > u.d +w(u,v) IG-S
13 return FALSE

Figure. 7. Bellman-Ford Algorithm
6.1 Time Complexity Analysis

Bellman-Ford algorithm also consists of initialization phase and Relax operation. The IG-P initializes the
shortest-path-estimates (v.d) and predecessors (v.JL) in O(V) time relax operation is performed at IG-Q
on each vertex within IG-R, an outer loop of every iteration. IG-S is performed O(\E\) time to detect
negative cycle in graph G, if exist any. Time complexity of Bellman-ford algorithm for sparse graph is
O(EV) = 0(V2), whereas it is O(V3) as E = ((V. V-1)/2) for complete graphs. Like Dijksrta’s algorithm,
selection of a node for subsequent execution iteration plays important role in the running time performance
for Bellman-Ford algorithm as well. Therefore, variants of Bellman-Ford algorithm employed various
queuing techniques to achieve better performance.

The D'Esopo-Pape Algorithm: Based upon D'Esopo [52], Pape et al. [53] proposed a deque (a queue
that allows insertions at either ends) method for selection of node for subsequent iterations. The D’Esopo-
Pape Algorithm runs in O(V. 2v) time.

The Goldfarb-Hao-Kai Algorithm: The algorithm proposed a dynamic Breadth-First Search (BFS) that
maintains depth factor of each vertex and decides accordingly [53]. The Goldfarb-Hao-Kai algorithm runs
in O(V. E) time.
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Pallottino's Algorithm: Pallottino’s algorithm uses the data structure composed of two connected queues
Q1 and Q2. The next vertex to be scanned is removed from the head of Q1 until Q1 is not empty and from
Q2 otherwise [55]. Pallottino's algorithm runs time complexity is O(V2. E).

The Goldberg-Radzik Algorithm: Goldberg et al. [56] proposed a topological-scan scheme. The
proposed algorithm achieves the time complexity of O(E V) that is similar to the Bellman-Ford algorithm.

A concise view of the variants of Bellman-Ford algorithm competing for better time complexities using
different techniques are appended in Table 5 below depicts a concise view:

Table 5: Time Complexity of the variants of Bellman-Ford

Different Techniques Implementation Total Running Time Cost
Straight forward O(V4)
D'Esopo-Pape algorithm O(V.2Y)
Goldfarb-Hao-Kai algorithm O(V.E)
Pallottino's algorithm O(V<4.E)
Goldberg-Radzik algorithm O(EV)

7. Conclusion

This paper presented review of BSF, Dijkstra and Bellman-Ford algorithms, the classical algorithms for
SSSP problem. In addition to BSF, different variants of Dijkstra and Bellman-Ford algorithm were
compared amongst each other, respectively, with reference to their time complexity. It is evident from the
review that selection of a node for subsequent execution iteration and node relaxing operation are basic
operations in the reviewed algorithms, thus affect the running time performance that tighten upper bound
time complexity of the algorithms. Therefore, any proposal for reductions in these basic operations may,
consequently, reduce running time of the algorithms an in turn may results in better time complexity as
well.
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