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Introduction

The most well-known and extensively researched class of analytic functions f, denoted by 4, have the

form
A) =t + Z a,t"
n=0

A function is referred to as convex if it maps U into a convex domain and starlike if it maps U onto a
domain that is starlike regarding to origin. The class of all starlike as well as convex univalent functions
belongs to U is represented by S$* and C, respectively. The definitions of $* and C 's generalizations,
represented by S* (o) (starlike) and C(o) (convex) of order [0, 1] respectively, are

ey o ()
S(G)_{f'R<f(19)>>a' 196[]'},

and

C@)={ﬂR(1+%ﬁ?)>a,0eu}

For the order of o, the close to convex function is defined as

Of'()
[C))

/&(a)={f:ﬂ%< >>a, ﬁeU,ges*(O)}.

The convolution of functions (Hadamard product) is defined by

U*Q@)=ﬂ+§k¢ﬁ” ® € U).
v=2

Using this convolution concept, Ruscheweyh [1] developed a class Rg, it includes the following
prestarlike functions of order &,

Let f € A. Then, f € Rg if and only if
REZ>00eU, for =1

9

m*f(ﬂ)ES*(iE), Y9eUfor 0< §<1.

When we put § = %then
C=%R,and §* (%) =Ry,

The class R[a, F] was created by generalizing the class Rg by Sheil-Small et al. [2].

A function f € R[a, F] if f xS, € S*(F), where S, = — 2 _0<a<l.

(1_19)2—2(1’
It is observed that R[F, F] = Rs.
f@) = f®).

An analytical continuation to the entire complex plane is the aforementioned extension formula [3]. The
Harmonic Functions Minimum Principal (MP) states that unless a harmonic function u is constant, it
can’t have minimum or maximum at an interior point [4].

The Robertsnov functions, also known as Rabotnov functions, are special functions used in
viscoelasticity theory, particularly in the modeling of hereditary materials. These functions are
instrumental in describing the time-dependent stress-strain relationships in materials that exhibit both
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elastic and viscous behavior. Yuri Nikolaevich Rabotnov (1914-1985) was a prominent Russian
scientist renowned for his contributions to mechanics, particularly in the field of viscoelasticity. In 1948,
he introduced a fractional operator to model the behavior of materials with memory effects, a concept
central to viscoelastic theory [5]. This operator, now known as the Rabotnov fractional-exponential
function. Rabotnov's work laid the foundation for the application of fractional calculus in modeling the
hereditary properties of materials, allowing for a more accurate description of stress-strain relationships
over time. Despite being aware of the connection between his fractional operator and fractional
derivatives, Rabotnov preferred to work with integral equation methods. His pioneering efforts have
significantly influenced contemporary studies in viscoelasticity and continue to be a cornerstone in the
field.

The Rabotnov function is defined by

K, g(t) = X B k(14w
HB k=0 1 (k+1)(1+W) :

Here I' represents the Gamma function. In practice, the Rabotnov function may be represented in
various forms, often involving convolution integrals. For a material under stress o(t) and strain (t) , the
Rabotnov function S(t) might be expressed as:

¢ de ()
o) = [ 8- an
0 [
Where K(t) is a relaxation function characterizing the material response over time. The Rabotnov
function K, (t) has integral representations involving exponential and power-law terms:

1
fu® =

Rabotnov [6] created the fractional exponential function, sometimes referred to as the Rabotnov
fractional exponential function (RFEF), in 1948. The Rabotnov function [5] plays a crucial role in the
mathematical modeling of scientific and technical problems [7]. Yang et al. [7] introduced a highly
interesting non-integer-order derivative operator in the context of the FREF five years ago, in 2019. The
authors approximated an arbitrary-order heat transfer equation using their operator [7]. For more details
about the Rabotnov function, see [8] and [9].

For our main results, we use the following lemmas.

Lemma 1 [10] Consider the sequence {c,},=, of positive real numbers such that ¢; = 1. Let ¢; = 8¢,
and (v —1)c, — (1 + v)cyy1 = 0,V,= 2. Then,

f(o) =0+Zc,,a” EK
v=2

g

with respect to starlike function —.

Lemma 2 If the function f (o) = Y5, c,6V" 1, where ¢; = 1 and ¢, = 0, V,,> 2 is analytic in U, and if
{c,}oeq IS @ convex decreasing sequence, i.e.,Cyrp — 2Cp41 + ¢, =0 and ¢, — ¢4 = 0,V,> 1, then
Rf (o) >=,V,€ U.

2. Main Results:

Theorem#1 Suppose a,b > 1, and I'(a + b) = 8I'(b), 2I'(2a + b) = 3I'(a + b) are satisfied. Then
K, p € £ with respect to starlike function
Proof: Consider

1-92°

Fap(9) =0 + Z ¢, 07
v=2
where
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_BUTira+w
v r((+mw)
vV v > 2, we have to show that c,, satisfies the conditions of lemma 1.
Clearlya = 1 aswell as b > 1, the inequality
I'(a+b) =8I'(b)

forv>1,andc;, =1

is satisfied.
Additionally,
c; =1andc; > 8¢,
=
prr(1+ )
O =—F"T]"
r(1+w.1)
1.7(1+
ra+uw
=1
Also

B+ Br(i+p)

T T +w2) T+
c1 >~ 8¢y

Again for v > 2, consider
(wv—1Dc,—(w+1)cy41 >0
Aty gy BTAYH
(1 +@v) r(i+mE+1)
BT+ BT (1+ 1)
=D r(+wwv) > @+1) r(+mww+1)
gt (v+1)
=1 GETDM r(A+we+1)
v—-1) B (v+1)

Bri1+mwv) r(1+w+1))

-Dr(Q+ww+1D)—-@+DAr((1+wv) >0

(v-1)

Puttingv = 2

— 2 _38>0

r((1+mwp?2)

One can easily observe that the above expression for a > 1, b > 1, is non-negative if
2I'(2a + b) = 3I'(a + b). It is evident that {c,},~, satisfies Lemma 1. This proved the
result. m

Theorem#2 Suppose that a > 1,b > 1, and I'(a + b) > I'(b),{2'(2a + b) + I'(b)} (a +

b) > 4I'(b)I'(2a + b), are satisfied. Then, R{Z2} > 2, for 9 € U
Proof. To find our results, we have to prove that the sequence

w _ (BT A+
() R e
r((1+wv) et
is decreasing. Since
r(+wv+1)>r(A+wv) (WVv>=1l,a=1landb =>1)
Therefore
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r(Q+wv+1) r(@+wpv)
F(b) r(b)

I (b) I (b)

>
r(A+wv) r(Q+wv+1)
Now, we demonstrate that the sequence {c,},~, is decreasing and convex. For this we show
that

Cy + Cyy2 — 2Cv+1 =0
B (1 + w) N prir(l+w  pr+p
r(A+wv) r(@Q+wv+2) r(A+wv+1)
'311—1 '311+1 ,Bv
ra+w {F((l + @v) * r(+wv+2) 2 r(d+wv+ 1)} =0
r(A+w2)r(A+w3)=2r+wr(1+mw3)—-pra+wr(1+mwp?2)
r(Q+mw2)r(A+w3)=pra+wl2r((1+w3)—pr{1+mwp?2)]
1 - 2r((1+w3) —pr((1+mw?2)
prai+w — r((1+w2)r((1+w3)
r+2ur3+3u)
ﬁ€2(1 4_21? . 232)1“(3 +3u) — Br(2 +2u)
re+2u)r3+3u
BT+ ) + Br2+2u) =2r(3 +3u)
Which shows that the sequence {c,};~; is a convex decreasing. Now, from lemma 2 {c, };~,
satisfy R(Z%., ¢, 97" 1) > ; forall9 € U
Therefore,

R{R”‘é’w} > =, for 9 € U.
Hence the result is proved. m

Theorem#3 Suppose a =1, b =1 and I'(a + b) > 2I'(b), {2I'2a + b) + 3I'(b)} (a +
b) > 8I'(b)I'(2a + b) are satisfied. Then the normalized Rabotnov function &, , € S".
Proof: To prove that &,, € §*, we show that {vc,} and {vc, — (v + 1)c,4+1} are non-
increasing. Because c,, = 0 for &, ; (v) under the given conditions. So, let

{vcv -+ 1)Cv+1} >0

[b’” ra+w] ‘1) [ B (1 + )
r((1+wv) r(l+ww+1)
BB (1+ p) BYr(1+ )

T G D I CETICESY)
vF((l +w(v+ 1)) - Bw+ 1)F((1 + ,u)v)
Br(+wv)r(A+w@w+1)
r((+w2) =280 ((1 +p)
Ar(@+mwr(1+w2)
r((1+w2)>2Br((1+w

Now,
W+ 2)cyy2 — 2w+ D)cyyq + vey,
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r((1 +w@+2) r(A+ww+1) ﬁl"((l +1)v)
4
AM(L+u) Ir((1 +w3) I'((1+w2) ,31“(1 + )

32r(1+ wr((1+w2) +r((1+w2)r(1+w3) > 4pr +wr(1 + w3)

4T (1 +w)r((1+p)3)
r((1+pw?2)

3Br(1+w) +r((1+w3) -

Hence, the Normalized Rabotnov function &, , € S".
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