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In this work, we proposed a new Total Variation (TV) regularization-based model
for additive noise removal problems using the Global Meshless Collocation
Scheme (GMCS). This new approach not only solves the associated Partial
Differential Equation (PDE) connected to the proposed model for the smooth
solution regarding image restoration, and preservation of edge but also for
minimization of the staircase effect due to which the image looks blocky. The
experimental result demonstrates that the proposed model and meshless scheme
seek to improve computational efficiency and noise removal accuracy in terms of
visual efficiency and Peak-Signal-to-Noise-Ratio (PSNR) values compared to
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1. Introduction

One of the most significant features of computer vision and image processing is image denoising. The
focus of this study is additive noise reduction. Image denoising aims to restore the original image by
eliminating noise from a noisy image. However, because texture, edge, and noise are high-frequency
components, it isn't easy to detect them during the denoising process, and the denoised images may
inevitably lose some details. One of the most critical issues these days is recovering crucial information
from noisy images during the noise-removal process to produce high-quality images. [1].

The additive noise model is given by

wo = w + (. (D)
Where w: Q c R — R? represents the given true image, w, is the noisy image with additive noise ¢. In
literature, various nonlinear approaches have been utilized to tackle this problem, such as wavelet
approaches [2, 3], adaptive smoothing [4, 5], stochastic approaches [6, 7], and anisotropic diffusion [8, 9].
Recently Variational approaches have also been utilized to solve such problems, for instance, see [10, 11].
Rudin et al. (ROF) [10] provided the first TV regularization-based model for image restoration with
additive noise. In this model, the TV regularization term is essential for image denoising and edge
preservation. This approach produces good outcomes in the removal of image noise while maintaining the
quality of edges, see [12, 13]. It also presents certain undesirable features such as the staircase effect,
reduced image contrast, and increased computing time due to its nonlinearity and non-differentiability
[10, 14]. The main drawback of this model is that the image restoration outcome is satisfactory in terms
of quality, but it may not be visually apparent. The authors in [10] presented an artificial time-depending
technique for solving the associated EL-PDE of the ROF model. The efficiency of this strategy is limited
by its strict stability constraints in the time intervals. Furthermore, the time-dependent approach calculates
an approximation of the solution rather than the true solution. In recent times, various methodologies have
been employed to address this challenge, resulting in favorable outcomes, for instance [16-18]. But there
is still room for development.

To overcome the abovementioned issue we will propose a new TV regularization-based model.
We incorporate Weber’s law in the regularization term of the ROF model which will examine the image
visually and solve the arising non-linear associated EL-PDE of the proposed model by the Global
Meshless Collocation Scheme (GMCS). This suggested approach will assist minimize the staircase effect,
preserve textures, and preserve fine features throughout the restoration process in addition to aiding with
image denoising and edge preservation.

In recent years, radial basis function (RBF) approaches have gained popularity in both
approximation theory and the numerical solution of PDEs. The RBF collocation approach developed by
Kansa [19,20], also called the Kansa method, is the most widely used RBF strategy for the latter class of
problems. The meshless applications of the Kansa technique, which require only a set of points to
discretize the continuous difficulty, ultimately make it so prevalent. This addition to the method's
implementation is mainly simple, especially for issues involving g two or more dimensions and
complex shapes. As a result, the nonlinear problem solution yields a suitable value for the shape parameter
in addition to the coefficients in the RBF approximation [21]. The Kansa technique has demonstrated
more effectiveness in comparison to FDM [21, 22], a pseudo-spectral method [23], and FEM [24]. For
further information on RBF collocation schemes, see [21], [25, 26].

The RBF Global Meshless Collocation Scheme (GMCS) will be employed to solve the nonlinear
PDE that arises in the suggested model. The primary goals of the suggested meshless scheme for image
restoration are to minimize the staircase effect and preserve texture while maintaining the edges and fine
details in the images through the use of the RBF interpolation process. The smoothness property and the
absence of a mesh or integration procedure will yield the best restoration performance.
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The remainder of the paper is organized as follows: Particular details regarding TV regularization, which
is employed in the ROF model [10] for image restoration, are given in Section 2. Information about RBFs
used to solve PDEs is also included in this section. Section 3 presents the suggested additive noise removal
model. The related EL-PDEs for the suggested model are also included in this section. This section also
includes the application of the Global Meshless Collocation Method (GMCM) for the numerical solution
of the suggested model. In terms of CPU time, iterations, and the quality of the restored images, as shown
by the PSNR, Section 4 gives the experimental results and a discussion of the suggested model and
meshless approach in comparison to mesh-based ROF models and other meshless methods. Conclusions
are included in Section 5.

2. Literature Review
2.1. TV regularization-based ROF Model for Additive Noise Removal (M1).

In their crucial work, Rudin, Osher, and Fatemi (ROF) presented an edge-preserving image de-noising
model with desired mathematical features [10]. The approach, which is based on total variation, was
created specifically to remove noise and other undesired fine-scale detail from images while maintaining
crisp discontinuities, or edges. The most basic convex Variational model is the ROF. The minimization
of this approach is as follows,

~ . A
@ = argming, E(w) = [, V| dzdy + 2 [l — woll3, ¥

where |w| = fw} + w.

The first term represents the TV regularization of <, whereas the second term represents the data fitting
component. The symbol for the regularization parameter is A. The parameter A balances the denoising and
smoothing of the denoised image, which are often affected by the amount of noise present. The EL-PDE
connected with the ROF Model is as follows:

= [ | + 2w — w) = 0, 3)

|V |2+

inQ fore>0,(xy) €R,

or

i) w; d w;
_ a_ X + a_ H
x , wk+wl Y /wf +uwr?

with Z—f = 0 on the boundary of Q = Q. The time-dependent EL-PDE of equation (4) is given as follows:

+ 2w —wy) =0in Q, (4)

Vuwr

|V |2+¢

wy =V [ ] + A(w — wy), (5)

inQ for t>0,(x,y) ER,

or

+ A(w —wy) =0, (6)
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inQ fort>0,(x,y) €R.
For the given w (%, 19, 0) and also %—4: = 0 on 9Q. For further information, see [10].

2.2. Radial Basis Function (RBF)

RBF interpolation of a continuous multivariate function, #(x),x € Q S R™, where Q is the bounded
domain. For N interpolation function values {y; N | € R at the data location (which are traditionally
called centers in the RBF concept){acj}ﬁ"=1 € R™, then #(x) can be approximated by a linear combination
of RBFs, namely,

S(w) = X, Gz — e,
(7)

where t; are unidentified coefficients that require determination. The following can be created by applying
the collocation technique:

SE) =2 TN(||% — o) = #GD,
(8)

fori,j=1234...N.
[T(llx; — 91D O(lxy — 920D - O(llzy — 9Dy [#GO]

I(llxz — 94D T(llxz = 92l .. I({Ixz — 9Nl || T2 #(x2)

LT(llxy — 91 IDT(lzn — 20D - TCllxy — on DIV LFGey)

(9)
The following matrix can represent an N X N linear system form of the aforementioned system of linear
equations.
Al = #, (10)
=A%, (12)

Where F = (Fll Fz, F3 s FN)t, # = (#1, #2, #3, ....#N)t and c/q = [HU] = (c/ql]) € SRNXN

A = ;] =0(||x — o), i.j = 1,2,3, .. N. With IT;; = ITj;.

Put equation (11) in equation (8) the interpolation matric is given as:

w = Df. (12)
For further information, see [48].

3. Proposed Model

The Rudin-Osher-Fatemi (ROF) model [10] is a TV regularization-based model for the removal of
additive noise problems. The model is defined as follows:

W = min,E(w) = R(w) + %”’W — woll3,
(13)
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where

R(w) = [, |Vwr| dxdy, where |Vwr| = /wxz + wd.

The equation (22) contains the TV regularization term denoted by R(w ), and the second term represents
the data fitting term. We incorporate the Weber,s law in the regularization term of the ROF model due to
examine the image visually. The minimization functional of the new TV regularization-based model for
additive noise removal is given below:

W = ming, E(w) = £y [ |Vw|dxdy + £, fﬂliv—wldxdl) + % |ler — |3 (14)

In order to visually evaluate the image, equation (14) uses Weber's law in the regularization term. The TV
regularization component is addressed in the first part of the equation (14) and the data fitting term is
indicated in the second part.

This model contains three regularization parameters indicated as #,, £, and A. To show an ideal balance
between the restoration and the degree of smoothness displayed by the restored image, the regularization
parameters are used. This new model's primary goal is to reduce noise and enhance visual efficiency by
getting rid of additive noise. The resulting EL-PDE of equation (14) is given below:

V ~
\Y (IV_ZI) + A(wy —w) =0, (15)
Where, 1=—2%
: T (wli+ty)

Equation (15) can be re-written as:

0 w 0 w;
a_ X + a_ )
x fw,? +w? 9 fwxz +w?

inQ fort>0(xp)eR.

+ A(wy —w) =0, (16)

For the given w (x,1,0), and also Z—f = 0in oqQ.

The primary benefit of the suggested model is that it uses TV regularization and the Weberized rule to
visually aspect the restored images, especially those with additive noise. Additive noise removal
difficulties are addressed by this suggested model. When a proper algorithm is used, this method reduces
the staircase effect and preserves the textures and edges.

3.1. Proposed Meshless Method (M2)

This subsection is concerned with the numerical solution of the EL-PDE equation (27), using the
global meshless scheme (GMCM). In this approach, the functional of the Weberized law-based TV
regularization-based functional is used in combination with MQ-RBF interpolation (25). The suggested
mesh-free method intends to preserve sharp edges and textures in addition to efficiently restoring the
image (both visually and denoising-wise) while reducing the staircase effect. Therefore, there is a
consistent improvement in PSNR values and calculation time when using the proposed mesh-free
technique.
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Assume that {x}_, be N, selected center point in a closed domain Q € %? with RBF equation II(w) =
llwll, in R?, i.e w = (x,1). Consequently the given known {r)cj}yzcl N, selected center points, the RBF
interpolation is given by:

S() = L2 T(llx — vill2). 17)
By using the following interpolation condition, the coefficient of I in equation (17) can be found.
Sx) =%, (18)

Having, a group of points converging in the middle, N.. The RBF interpolation is illustrated using the
overdetermined interpolation form in theN,, data center.

CT = #,
(19)

This is employed to unravel the coefficient I and generate, N, X N,, a system of linear equations. Where,
I'= T s, e Iy )t and § = ($1, #2, F3, oo .. $u,) " describe N, x 1 order matrices.

In equation (19), C is denoted as the N, x N, system matrix or square interpolation and is expressed in
the following manner:

¢ =[] = [ (fxe; = ey, )]

(20)

1<i,j<N¢

Additionally, the matrix in equation (19) is convertible since it is positive definite which a necessary
condition for a unique solution. Therefore

r=c14, (21)

Furthermore, at {x;}), be N evaluation data point, the RBF interpolation by using equation (17) given
N, x N matrix D which is written as follows:

D =[] = [0 (e —ve,ll,)| fori=123,...Nj=123....N.
(22)

There are N data points as well to approximate the over-determined condition of interpolation, the matrix-
vector product is utilized to generate 1w, as shown below:
w = DI. (23)

Merging equation (21) and equation (23) results in the given equation

w =DC4, (24)
or
w = 8§ whereS =DC™L. (25)

Which represents the evaluated solution at any point in Q. where 2 is N X 1 order matrix.

Since equation (16) is
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ai W _|_ai "
x ,wx2+w02 Y /wx2+w02

in Q,a—w = 0 on the Q.
on

+ A(wy —w) =0, (26)

The time marching EL-PDE of equation (26) is given as the following equation:

dw 0 wy 0 wy

| == |+ | ==
at  0x Iw12+w02 ) wa2+w02

(27)

+ A(wy — w),

inQ fort>0(xy)eR,
for the given w (x, 1, 0) with Z—f = 0 on dQ. The equation (27) is re-written as

( (i +w ) (Wit wiyy )= >
dw _ (wuwx+2wan(wan+wnwx)+wnnwn) + Z (’LU’O _ /LU’) (2 8)

(w? Ty )2
The implicit gradient decent scheme is applied to equation (28) we get

[ oo el
w Ty ® (o™ ™ (w0 ™ w8y | + Z(wo(o) - w(”)) (29)

a \ ((wxz ) )4 (wt)z ) () ) 2 /

at

Equation (29) and equation (25) together produce a nonlinear system of equations, which the GMCS is
used to determine. The given equation must be taken into consideration in order to solve the nonlinear
restoration system of equations.

G(w™)w @D = G(w™)w® + dt [((wz)(") + (w, ) ) (2w(n)w(n)(w(n)wt) +

ww, (n)) + ww, (") + wyw, ("))] + G(w™)dt [/1( w("))] (30)
3
where G(w) = (Wi + w2)?, wy, = S, wy = Syf, Wy = Suf, Wy = Sy Z—:‘: = w, = Spf,
and $#° = #.

The MQ-RBF is selected for better restoration performance as a basis function in this case. The derivation
has been done in a similar way as done in [27-29].

4. Result and Discussion

This section presents numerical results that illustrate the effectiveness of our suggested technique M2.
The outcomes of technique M1 and the acquired results are contrasted. Figure 1 displays the test images:
"Real 1 and Artificial 1."

In this study, it is expected that N = Nc = the size of the image, for our scheme M2, for the sake of
comparison with scheme M1. Here, the suggested approach M2 makes use of the Multi-quadric Radial
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Basis Function (MQ-RBF). The peak signal-to-noise ratio (PSNR) is taken into consideration in order to
quantify the denoised image. The following formula can calculate it

_ MxNmax{}?
PSNR = 10 x logs, (—”w_wnz ) (31)
Where 4+ is the given image, w is the restored image and M X N is the size of an image.

Fig-1

Reall (b) Artificall
Figure 1: Test Images

(f) y (g) Zoom-M1

Figure 2: Left to right: (a) is true image; (b) Noisy image connected with additive Gaussian noise

of Ly = 37%; (c) Restored image with M1; (d) Restored image with M2. Also zoomed-in images
for staircase effect of true, noisy, restored by M1 and M2 are given in (e), (f), (g), and (h).

(i) Artificall

Figure 3: Left to right; (f) True image; (g) Noisy image connected with salt and pepper noise of
L, = 40%; (h) Obtained by M1; (i) Obtained by M2.
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Table: 1 PSNR values, number of iterations required for convergence, and CUP time
comparison of Algorithm M1 and M3.

Image Size M1 M3

PSNR Iters | Time(s) PSNR Iters | Time(s)
Reall 2562 28.22 29 13.59 28.67 18 9.38

Artificall 2562 23.93 34 16.70 24.30 27 10.79

Test Problem:

In this investigation, Reall and Artificall images have been taken for image restoration having additive
Gaussian and salt and pepper noise with noise levels L, = 37% and L, = 40%, respectively. The true
images are given in Figures 2 and 3 as (a), (€) and (i) respectively while the noisy images are represented
by (b), (), and (j), respectively. The mesh-based method M1 used on the ROF model produces a good
restoration result but produces the staircase effect which is the main drawback of the M1 and ROF model.
Also, the restoration results are also affected a bit due to the nonlinearity and non-differentiability of the
associated EL-PDE. All these images are shown in Figures 2 and 3 as (c), (g) and (k), respectively. But
the restoration results i.e., image denoising, preservation of edges and reduction of staircase effects
obtained by the proposed model and meshless scheme M2 are far better than M1 due to the application
of the new model and meshless method with applications of adaptive nature, and MQ-RBF applied on
them [20]. Similarity, due to the additional application of Weberized law involved in the proposed model
makes results effective in visual representation compared to the model M1 applied on the ROF model.
These obtained images are shown in Figures 2 and 3 as (d), (h) and (l), respectively. It can also be noticed
from Table 1 that the PSNR values of M2 are greater than M1 which shows the best restoration
performances of M2 over M1. Also, Table 1 indicates that the number of iterations and time required for
convergence of M2 are less than M1 which shows the quick restoration performance of M2 due to its
meshless applications and easy implementation in comparison to M1.

5. Conclusion

In this paper, a novel TV-based approach for removing additive noise from noisy image data is presented.
The GMCS solves the associated EL-PDE with a new model for a smooth solution that uses the MQ-RBF
as the basis function. This solution is adaptable and computationally easy because of the meshless and
MQ-RBF features. In comparison to the ROF Model, the outcomes are determined based on visual quality
and PSNR value, staircase effect minimization, and texture and edge preservation. The new model and
corresponding meshless technique are tested on both artificial and actual images, and the outcomes are
contrasted with those of conventional techniques and ROF models. The experimental results showed that
the suggested model and meshless approach are significantly better at image restoration PSNR values
(image denoising and visual efficiency due to the proposed model) and other related aspects, such as the
preservation of blocky effects, texture, and sharp edges, the number of iterations needed for convergence,
and the CPU time (proposed method).
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